ON THE EXISTENCE OF FUNCTIONS HAVING GIVEN
PARTIAL DERIVATIVES ON A CURVE

BY
MAURICE SION

1. Introduction. Let 4 be a connected subset of E,, where n is an
integer greater than 1, and let f be a function of class C* on E, such that all
of its second order partials vanish at every point of 4, and all of its first order
partials vanish at one point of 4. Then, is f necessarily constant on 4?

This problem () was first considered by H. Hopf, while studying the dif-
ferential geometry of surfaces, and was suggested to the writer by A. P. Morse.
It is closely related to the study of the behavior of a function on its critical
set.

A critical point of a function g is one at which all the first order partials
of g are zero. The set of critical points of g is called the critical set of g. In an
unpublished paper, M. Morse and A. Sard have shown that, if g is a function
of class C™ on E, and if m is the greatest integer in # + (2 —3)2?/16, then g
maps its critical set into a set of linear Lebesgue measure zero. A. P. Morse
[1](®) has proved that this conclusion actually holds whenever m=n for
every positive integer n. Using this result, A. Sard [2] has been able to gen-
eralize this theorem by considering functions on E, to E,., n and »’ being
positive integers. A very slight modification of the proof of Theorem 4.3 in
the paper by A. P. Morse enables one to conclude that if g is a function of
class C™ on E,, and if B is such a connected subset of the critical set of g
that it has finite Carathéodory m-measure whenever m <n, then g is constant
on B. Theorem 2 in the paper by W. M. Whyburn [5] is a special case, taking
m=1, of this result.

Returning to our original problem, we see, with the help of A. P. Morse’s
result, that f must be constant on 4 if we assume that f is of class Cr+!
instead of class C*, or if we let f be of class C* but assume that any two
points of 4 can be joined by such a connected set of zeros of the second order
partials of f that it has finite Carathéodory (» —1)-measure.

On the other hand, H. Whitney [4] has constructed a set P in E,, which
is a one-to-one continuous image of the unit interval, and a function W of
class C*~1 on E, having all its partial derivatives vanish on P and yet assum-
ing the values 0 and 1 respectively at two different points of P One therefore
wonders if it is not possible to find a function f of class C* on E, such that on
P one of its first order partials coincides with W and all of its other partials
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(%) Numbers in brackets refer to the bibliography at the end.
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are zero. We show that such a function does exist, thus getting a negative
solution to the problem stated at the beginning.

In fact, we find sufficient conditions for given functions defined only on
some curve to agree on this curve with the partial derivatives of some func-
tion defined on the whole space. Repeated applications of this result enable
us to see that if m and # are integers, n =2, then there exists a function f of
class C**tm1 on E, such that: all of its partials of order greater than m vanish
everywhere on P; all of its partials vanish at one point of P; and yet f is not
constant on P,

2. Notations and preliminary definitions.

2.1. Ex (- - -) will denote the set of all x such that (- - - ).

2.2. {a} will denote the set consisting of the single element a.

2.3. w will denote the set of all non-negative integers.

2.4. dmn f and rng f will denote respectively the domain and the range
of f.

25. I=Et (05t<1).

2.6. sgmt xy=E 3 (2=(1—¢t)x+1y for some ¢ in I).

2.7. E,=E x (x is a sequence of real numbers such that x;=0 whenever
n<jCw).

2.8. [|xl| = { Xigw 7}

2.9. D; will denote the differential operator such that

f(xoy + =+ s iy, x5+ By Xjyy, -+ - ) — f(%) .
h

D,f(x) = lim
r—0

2.10. C™ will denote the set of all functions having continuous partials
through order m.

3. Functions with given partial derivatives on a curve. Throughout §§3
and 4 we assume that # is a non-negative integer.

Suppose ¢ is a homeomorphism on I to a subset of E.; and that we
are given n+1 continuous functions fy, fi, * - -, fa defined on the curve Y(I).
It is not true in general that we can find a function g of class C! on E,;; such
that on Y(7) its jth partial derivative D;g coincides with f;, j=0,1, - - -, n.
Some condition on the curve is necessary.

Now, if, in addition to the above f;, we are given continuous functions

Sfor (s, B=0, - - - | n) with domain ¥(I) and wish to find a function g of class
C? on E, 4, such that for every x in ¢(I)
Dig(x) = fi(x) and DDig(x) = fou(%) Gos, k=0,-++,m)

we see that we have to impose conditions not only on the curve but also on
the given functions. For one thing, we must have f,=fx,; moreover, the
“first order partials” f; and the “second order partials” f, x must berelated by
Taylor’s formula. Assuming then that the given functions have such prop-
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erties, the condition imposed on the curve in this case need no longer be as
stringent as in the previous one.

In general, if suitable “partials” up to order m are prescribed on ¥(I), in
order to find a function of class C™ on E,;; having the given partials on the
curve, the condition imposed on the latter depends on m in such a way that
as m increases more curves satisfy it. As we indicate in §8, for any m =2 there
are curves satisfying the condition and yet possessing infinite Carathéodory
(m—1)-measure. The dependence of the condition on m may be explained
heuristically as follows: the “nicer” the given functions are, the “worse” the
curve is allowed to be; thus, as m increases, the conditions on the functions
become more stringent and hence those on the curve may be relaxed.

We now proceed to give a precise formulation of the theory.

3.1. Conditions on the given functions. We first make some preliminary
definitions and introduce a more convenient notation for partial derivatives.

3.1.0. ok= D jca kj

3.1.1. On=E k (FEE.41, kjEw for every jEw, and 1 Sck=m).

3.1.2. Dif=Dp - - - Drf.

Thus, if & is a finite sequence of integers, then D,f is a partial derivative
of f of order ok, and as k runs over O,, we get all the partials of f through
order m.

3.1.3. We shall say that R is a remainder of order ¢ if and only if Ris a
function with domain included in E, 3 XE.4; and for each €>0 there is a
6”>0 s1|1lch that: if (x, y) is in dmn R and ||x—9|| <8, then |R(x, ¥)| <e
-l —9]||2.

The conditions to be imposed on the prescribed “partials” are described
by the following definition.

3.1.4. [m, F, R, B] will stand for the following: m is a positive integer;
F and R are functions on O, such that, for every k in O,, F; is a function on
B to the reals, Ry is a remainder of order (m —ok) with domain B X B, and for
every x and y in B:

Fk .(x).(yo_x)fo... ( n—x”)fn
Fuy) = Fu() + > = A
jeom—o‘k ]0! AR ]n!
Notice that the F; must be continuous on B.
3.2. Conditions on the curve.

3.2.0. S is a subdivision of [a, b] if and only if a <b and, for some positive
integer 7, S is a function on E s(s&w and s=<r) and

e=S50)<SA) <+ <S() =bd.
3.2.1. D is a mesh of [a, b] if and only if D is a sequence of subdivisions
of [a, b] such that, for every i€w, rng D;Crng D;;; and
lim sup {Dy(s) —Dy(s—1)} =0,

i lgse_dmnD.j

+ Ri(x, y)-
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3.2.2. If D is a sequence of subdivisions of some interval, we set

Di(s) = E 7[Di(s = 1) < Diya(r — 1) < Diya(r) < Di(s)].

3.2.3. If Sis a subdivision of I and 0=<a<b=<1, we define S (S; ¢, b) to
be the set of sequences D of subdivisions of [a, b] such that:

.1 rng Do={a}U{b};

.2 rng D;Crng D;;Crng SU{a}U {b} for all.iEw;

.3 rng Dy={a} U {b}U(rng SN [a, b)) for some NEw;

4 if 1=s&dmn D; and Dy (r—1)=D(s—1), then Df,(r)=0 for all
1€wand 1 =r&dmn Dy,

Condition .4 is imposed only to simplify some proofs in §4. It could be
omitted without affecting the next definitions or any of the results in this
paper.

Observe that condition .3 assures us that Dy,;=Dxy and that S(S; a, b)
is a finite set.

3.2.4. For a motivation of this definition we refer the reader to Lemma
3.3.13.

If mEw, ¥ is a function on I to E,41, S is a subdivision of I, and 0<a <)
=<1, we define:

L.y, S;a,b) = inf
DES(S;“-I’) i€w 1EsSdmn D; rED;*(s)

2 AW Di(s = 1)) = $Disalr = V)72 [¥(Dinslr = 1)) = ¥Dira()]|7}.

=1

The conditions to be imposed on the curve are described by the next two
definitions, and a motivation for them is to be found in Lemmas 3.3.14 and
3.3.15.

3.2.5. (m, ¢, T) will stand for the following: m is a positive integer;
¥ is a homeomorphism on I to a subset of E.1; T is a mesh of I; for every ¢
in I there exists a K <  such that, if a;(f) = sup E s(Ti(s) =¢), then

a; ()

1 2= La(h Tirp; Ti(s — 1), Ti(s)) + Lu(¥, Terp; Ti(eu(®), ) < K
=1
for every 7 and p in w.
3.2.6. {{m, Y, T)) will stand for the following: m is a positive integer; ¢
is a homeomorphism on I to a subset of E,;;; T is a mesh of I; there exists
a K< o such that, for every 1€w and 0<a¢=<b=1:

1 La(¥, Ts; a, b) < K|[¥(3) — ¢(a)|| ™

3.3. Construction of a function having given partial derivatives on a curve.
Throughout §3.3 we assume that ¢ is a homeomorphism on I to a subset of
E.u1, Tisamesh to I, and [m, F, R, ¥(I)].
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We wish to show that there exists a function g of class C™ on E,; such
that for every x in ¢(I) and k in O,, we have D;g(x) = Fi(x). In order to prove
the existence of such a function g, it suffices to construct a function g on ¥(I)
to the reals such that, for every x and y on the curve, we have:

kn
+ Ro(z, )

— xg)k0 - oo (y, — xn
() = gla) + X By LTI e T 2
= ol - -« Byl
where R, is a remainder of order m with domain Y(I) X¢/(I). For then, we
only have to apply the well known result of Whitney’s [3] to extend the
functions to the whole space and get 3.
Before defining g we introduce the following notations and abbreviations.

3.3.0. A;(t, ) =Es@ S Ti(s — 1) < Tis) =t);
3.3.1. t* = sup {rng T.N [0, t]};
—_ X ko ... "—xnkn

3.3.2. Mo ) = % Fa(z) 2 (9 = )"

*E 0 kol -+ Ryl

—_ ko ... — kn

333, Rmoypg= 3 Rz 220 @ = )b

= Bol « -« Byl

1

3.3.4. M= _

,,ém ol -+ k!

Next, we define f to be the sequence of functions on I such that for every
1€wand every ¢tin I

335 fld = 2 hW(Tds — 1), ¥(T«)) + k@), ¥(1)).

s€4(0,¢)

Finally, we define the functions g’, g, Ry by

3.3.6. g'(H) = lim £;(2) for every tin I;
3.3.7. g(x) = g (=) for every xin ¢(I);
3.3.8.  Ry(x, y) = g(y) — g(x) — h(=, y) for every x and y in ¥(I).

The rest of this section is devoted to proving that g(x) is a finite real
number for every x in ¢(I) if (m, ¢, T), and that R, is a remainder of order
m if, in addition, we assume {{m, ¥, T)).

3.3.9. LEMMA. If x, v, z are in Y(I), then
h(x, y) + k(y, z2) — k(x, z) = R(=, v, 2).

Proof. Let &’ be the function such that, for any w in E.i1, #'(w) =h(x, w).
Then, &’ is a polynomial of degree m, and for any & in O, we have:
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(wo — 20)Pr k0 -+« (W, — %,)PrFn
Peomz-pzk Fol) (po— ko)l » =+ (pn — Eu)!

(For p and k in Om, p 2k means: p; = k; for all 7.) Hence, by Taylor’s formula
we see that

D;.h’(w) =

0 — ko ... 'y — ”],"
M) = Mo ) + T Duk(y) 200 (90

J=r kol +++ ky!
(yo — xo)po—ko P (y" —_ x”)Pn—kn
- i+ T {4 Fol2) !
= 9) kg%... pegﬁk ? (po— k! -+ (pn — ka)!
(20 — yo) R yn) k"}
Bol o+« ky! '

On the other hand, from the definition 3.3.2 and the equation in 3.1.4 we see
that

Wy %) = 2 {{Fk(x) T S A C i KARER ko

=y i€ Ok Jol oo+ 7a!

(zo — yo)ko “ e (zn —_ yn)k"
+ Ry(x, y)} PRI }
_ (y0 — %o)P %0+« (y, — x,)PnFn
- ksl "g‘;’"{{"egré" B (po — ko)l -+« (P — kn)! }
(20 = yo)* -+ (30 — yu)te
' kol - - - k! } + Rz 3, 2)

= h(x’ Z) - h(x' y) + R(x’ ¥ Z),
and the desired conclusion is at hand.

3.3.10. LEMMA. If 02a=S5)<S5i1< + -+ <S,=b=1, then

3 B(S i), ¥(S9) — hp(@), ¥(B) = 3 RW(a), ¥(Sies), ¥(S)-

t=1 fm=1

Proof. 3 h(¥(Si_s), W(S2) — K¥(a), ¥(3)

Sm]

= 3 (A, $(Si) + hSia), ¥SD) — e, U5}

= [3.3.9]3 RW(e), ¥(Si-v), ¥(S9).

te=1
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3.3.11. LEmMmA. If 0<a=<b=1, S is a subdivision of [a, b], D is in
S(S; a, b), then

2. hW(SG = 1), ¥(SH)) — k¥(a), ¥(5))

1£;€dmn 8

=2 > 2. RWD:(G — 1)), ¥Disalr — 1)), ¥(Disa(r)).

i€w 15 j€dmn D; rE D)

Proof. Let rj=inf E 7(D;(j—1) <D;y(r)). Notice that, if 1 <jEdmn D,
then D;(j—1) =D (r}—1), and that 1 Sr&dmn Dy, if and only if, for some
1<jEdmn D;, r&ED}(j) or r=r,—1. Referring to 3.2.3, let N be an integer
such that S=Dy and observe that:

2 h(SG — 1), SH)) — k(a), ()

15;€dmn 8

N—-1
- Z{ Y hDasr — 1), WDens()

i=0 \ 15rEdmn Dip1

— Y OG- 1), ¢<D;<j)>>}

15;€dmn D;

N-1 ;
- Z{ > {h(xlf(D.-(j — 1), YDenlrD))

i=0 \1Z;€dmn D;

+ Y MDenlr — D), ¥Dess())) — kDG — 1)), «D«j)))}}

€D (D)

N-1
=[3310] X 2. RWDi(G = 1)), ¥(Dipa(r — 1)), ¥(Dira(n))).

i=0 15j€dmn D; rED* ()

Since Dj,.(j) =0, we get no more terms if we take the first summation to be
over .

3.3.12. LEMMA. If, for every k in Om, | Ri(x, )| <€lly—x||™—*, then
| Rz 39| <eM 2 lly = =l ]|z = 5],
p-

Proof.

|20 — y0[% -+ |20 — yal|*

| R(x, 9, 2)| = 2 | Ra(x, 9)|
kE Oy

ko! AR k”!
~ elly = al| =<z — ]|-*
=
- pglcgp k0!°'°kn!

m
seM X |ly = af| s — 5=
p=1



186 MAURICE SION [September

3.3.13. LEmMma. If 0<a <b=1, S is a subdivision of [a, b],
| ReW (), ¥()) | < ellv(®) = 9@
for every k in On and every t and t' in [a, b), then

| 2 RW(SG — D), ¥(SG)) — hW(a), ¥(B) | S eMLa®, S; a, b).

15 i€ dmn 8
Proof. Apply 3.3.11, 3.3.12 and compare with definition 3.2.4.

3.3.14. THEOREM. If (m, , T), then for every x in Y(I), g(x) is a finite
real number.

Proof. Given ¢ in I, >0, we show that there is an integer ¢ such that, for
every jin o, |furs(t) —f:(8)| Se.

Let K satisfy equation 3.2.5.1 and ¢ =¢/MK. Pick & so that 0<4<1, and
whenever x, y are in Y(I) and ”y—x“ <39, then [R;,(x, y)| §e’||y—x||"‘—”’ for
every k in O,. Next choose ¢ so that, if Ti(s—1)<a<b=T(s) for any 1=<s
&dmn T, then ]l¢(b) —-lp(a)” =<4. For any j in w we have:

| fariC®) — fit) |
> @(Tirils — 1)), W(Tixi(s))) + B, ¥(1)

€ 4411 (0,0)

— 2 hW(Ti(s — 1)), W(T(s)) — h(W(¥), ¥(2))

8€4;(0,¢0)
- = { > W Torslr — 1), $(Tons))
8€4;(0,t) rE 44 (Ti-1),Ti(s))

— B(Ti(s — 1), w(T.-(s»)}
b MTeas — D) W(Teris)

s€ 44857, 1)
R, Y(O) — R, ¥ (D) \

< [3313]eéM- 3 La@, Tiri; Ti(s — 1), Ti(s))
s€4(0.8)

+ €MLY, Tiyjs ¥, 8) S e

3.3.15. LEMMA. If ({m, ¥, T)), then for any €>0, there is a 6>0 such that
iftisinrng T; for any i in w and t<t' <1 and “\l/(t') —¢(t)|| <39, then

| fisi(®) = fori(®) — R@@), ¥(#)) | < ellw@) — @[
for every jEw.
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Proof. Let K satisfy equation 3.2.6.1. Next choose & >0 so that, if x and
y are in Y(I) and ”x——y” <&, then |Rk(x, y)| §(e/MK)“y—x||"‘""‘ for every
k in On. Finally, choose §>0 so that, if 0Sa<b=1 and [[y(b) —¢(a)|| <3,
then diameter ¥[a, 5] <¢. Then, if i€w, tErng Ty, t<t'<1, and [[Y@")
—y(t)|| <8, we have:

| foriC) = firi(®) — R, ¥(t)) |
= > RW(Tirils = 1)), (Tiri(s)) + B, $()) — AEQ), ¥(2))

8eAg+j(t,t’)
€
< [3.3.13] K ML.(Y, Tiris 4, V) < €|ly(@) — v@||™

3.3.16. THEOREM. If (m, ¥, T) and ((m, ¥, T)), then for any €>0 there is
a 8>0 such that, if 0<t<t'<1 and |[Y@)—y@)|| <5, then |g(t)—g'(¢)
—h@ (@), ¥()| <€lw) -y @)

Proof. Let ¢ =¢/(M+1) where M satisfies equation 3.3.4. Choose 6>0
to satisfy 3.3.15 with “e” replaced by “¢’” Then pick 1Ew so that, if T;(s—1)
<a=<b=T(s) for any 1 Ss&dmn T}, then

[w(®) —¢ ()| <s.
Hence, for any integer j=1, 05t<t' <1, ”Mt’) —1[/(15)” <é:
| 7:¢) — fi(0) — B@@, $(&)) |
S| it + RO, @) — f10) | + | f1E) — 182 — @), () |
+ | B, $(E)) — BEER), $(©H) — h@@), $()) |
< [3.3.5, 3.3.15,3.3.9] 0 + ¢|[¥(#) — ¥(¢)||™
+ | RQH), ¥(@), ¥ |

< [3.3.12] ¢|lw(t) — v || ™ + €M il le@ — v ™=|l¥@ — w@) .

Letting j— o, since ¥(£)—Y(f), we have:
| g'(t) — g'()) — (@), ¥@)) | < €M + D{[w(E) — @ ||™ = €|lv®) — v@)|| ™

3.3.17. THEOREM. If (m, ¢, T) and ((m, Y, T)), then R, is a remainder of
order m.

Proof. Given ¢>0, choose § as given by 3.3.16 with “e” replaced by
“e/2mM.” Let x and y be in ¥(I) and ||x—y| 8. Suppose ¥~—1(x) S¢Y~1(y).
Then, by 3.3.16, we have:

| Ro(z, 9) | = | &(9) — g(2) — (=, 9) | S (e/2mM)||y — =||™ < (e/2)||y — =]| ™
Now, by 3.3.9: ‘
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| h(z, 3) + h(y, ) | = | b(x, 3) + b(y, 2) — b(x, )| = | R(x, 3, %) |

< [3.3.12] (/2m)U 3 ||y — |

p=1
= (e/2mM)Mml||y — =||™ = (¢/2)||y — =™
Hence:
| Ro(y, #)| = g(x) — g(3) — k(», )|
< | g(x) — g(9) + (=, 3) | +| k(y, 2) + (x, 9) | < €|y — ||

3.3.18. THEOREM. Let A be a closed subset of E,i.1. For each k in 0,\J{0}
let v be a remainder of order (m—ak) with domain (A XA), and Gy be such a
Sfunction on A that if x and y are in A, then:

Gk(y) = G;,(x) + Z Gk+,(x) (yo - xo)lo oo (y” —_ x”),-'

1E Om—ok ]0' cee jn!

+ 'k(x: y)

Then, there is a function G on E,.1 such that G is of class C™, and, for any x in
A and kin 0.V {0}, DiG(x) = Gi(x).

Proof. See H. Whitney [3].

3.3.19. THEOREM. If (m, ¥, T), ((m, ¥, T)), and [m, F, R, Y(I)], then there
exists a function § on E,i1 such that g is of class C™ and, for any k in O,, and x in

¥(I), Dig(x) = Fi(x).

Proof. Apply Theorem 3.3.18 by taking 4 =¢(I), Go=g, ro=R,, and for
kin Om, Gk=Fk, fk=Rk.

3.3.20. REMARK. As we show in 4.7, ((m, ¥, T)) implies (m, ¢, T). Thus,
in 3.3.19, we need only assume {{(m, ¢, T)).

4. Consequences of ({(m, ¢, T)).

4.1. LEMMA. If rEw; xo, %1, * * * , Xy are poinis in E,py; m=1; K20;
”xo—x,” <K and
r—1
2 [l = &l 2 — @] = K
t=1
then ||xo—x| 2K, for i=1, - - -, r—1.
Proof. Let s be the smallest integer for which
inf ||z — i[> K.
s<i<lr

Then

r—1 . r—1
K 3 o = gl < 2 (oo = ail| s — minal| = K,

t==g =g
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Hence Z?:,‘ ”x;—xmll <K and for k=s, s+1, - - -, r—1, we have
r—1
|2 = 2el| < || — ]| + 2 || — 2aa]| < 2K.
i=k

If s>1, then, from the choice of s, ||xo—x,s|| K. If s>2, we can repeat the
above argument replacing “r” by “s—1.” By finite induction then we have
the desired result.

4.2. LEMMA. If D is a sequence of subdivisions of [a, b] such that, for some
1€w, rng D;Crng D;yy, and 1 Sr&dmn D;y,, then there exists an s tn dmn D;
for which r ED{(s) if and only if, for every s’ in dmn D, D;yy(r —1) % D;(s' —1).

Proof. The necessity follows immediately from Definition 3.2.2.
Now, assume that Dy (r—1)#Di(s’—1) for every s’ in dmn D, Let s
=sup Ep (Di(p—1)<Dia(r—1)). Then Di(s—1)<Dip(r—1) <Disu(r)
=< D;(s) since rng D;Crng D;,,.

4.3. LEMMA. Let S be a subdivision of I, DES (S; a, b), ¥ a function on I
to Epy, 1=SmEw, K21, and

T S D = D) = 9Dt — 1)

i€vw 12s€dmn D; rED;*(s) p=1
AW Disa(r — 1)) — $Dira@))||7} = E{|y(d) — ¥(a)||™

Then |[Y(Di(r—1)) —y¢(Di(r)|| S2K||¢ () =¥ (a)|| for all i€w and 1=r
Edmn D.‘.

Proof. If ©=0 the conclusion is immediate. Also, if r & D (s) for some s in
dmn D, then [[Y(Dia(r —1)) = (Dina(r))|| = K[| (8) —¥(a)||. In view of 4.2,
the only case left is when D, (r—1) =D;(s—1) for some s in dmn D;. We
use induction. If 2=0, the result follows from 4.1. Assume it is true for ¢=3
and let =j+41.

If s€DJ(s") for some 1 <s’&dmn Dj, then

[¥Diss(s = 1)) = D)l = K||¥(®) — ¥(a)]|
and hence, by 4.1:
[¥(Dssa(r — 1)) — D ira())|| < 2K]|¥8) — ¥(a)]].

If s is not in Df(s") for any s’ in dmn D;, then by 4.2, D;.1(s—1) =D;(s' —1)
for some s’ in dmn D;. Hence, by condition 3.2.3.4, D}, ,(s) =0 and therefore
Dy12(r) =Djya(s). Thus, by the induction hypothesis:
[¥Dsalr = 1)) = ¥Ds2)|| = [[$Disals — 1)) = $(Dsa(5)) |
= 2Ky — ¥(@)|.



190 MAURICE SION [September

4.4. THEOREM. If ((m,y, T)), then ((m+1,¢, T)).

Proof. Choose K =1 so as to satisfy 3.2.6.1. Given 0<a <=1 and j€w,
choose DES (T;; a, b) so that

Y S S DG = D) — ¢ Dunalr — 1)

i€w 15:Edmn D; rED*(s) p=1
N Dinalr = 1) = $Dena) |7} = Km{v @) = w(a)|| ™
Notice that for all 1Ew, if rED}(s) for some 1 <s&dmn D;, then
[WDia(r — 1) = ¥Dena)|| < K4 ) — ¥(@)|l.
Also, by Lemma 4.1, if r&Dg(1), then
[¥(Du(0)) — ¥(Ds(r = D)|| = 2K[l¥(®) — ¥(a)].

And, if 15¢{€Ew and r&ED;(s) for some 1<s&dmn D, then by 3.2.3.4
Di(s—1)#D; 4(s’—1) for all s’ in dmn D;,, and hence by 4.2, s&€D¥ ,(s")
for some s’ in dmn D;. Thus, |[Y(Di(s—1)) —¢(D:(s))|| K||¢ ) —¢(a)|,
and by 4.1 we have:

[W(Di(s = 1)) = ¥(Dins(r — V)| = 2K]||w(3) — ()|

We can therefore conclude that:
Lm—H(\bv Ti; a, b)
m+1
= X > 2 AlDis = 1) — YDialr — 1)) -2

i€w 124€dmn D; rED;*(s) p=1
AWDialr = 1)) = ¥(Disa())||?}
< 2K|[¢(8) — ¥(a)|| - 2K™||¢(8) — ¥(a)||™ = 4K *+m||y(b) — ¢(a)|| ™+

4.5. THEOREM. Let m be a positive integer, Y a function on I to Eppq, S @
subdivision of I, K=1, and for every 0<a<b=1:

La(¥, S; ¢, b) < K||¢(d) — ¥(a)||™
Then
> wsG = 1) = ¥SG)||™ = 2m1K2m||y(1) — (O)]| ™

1=;€dmn 8
Proof. Choose D in §(S; 0, 1) so that:
> X > ZAIWDG = 1) = ¥Dialr — 1) >

i€w 15j€dmn D; rED;* () p=1
A Dialr = 1)) — $Dina()) ||} = K1) — w(0)|| ™.
For ¢€w and 1 =j&dmn D, let
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4.35.1. di(§) = inf E r(Dipa(r) > Di(j — 1)),
4.5.2. D.(j) = Diw1(di(5))-

We divide the remainder of the proof into six parts.

Part 1. If D}(j) =0, then D;(j) =D;(j).

Proof. Compare definition 3.2.2 with 4.5.2.

Part 2. If D'ES (S; Di(j—1), D: (j)), then

D{ (1) = Di(j)-
Proof. Observe that, in view of 3.2.3.4, if
di'(j) = inf E #(S(r) > Di(j — 1))
we must have
Di(j) = Dua(di(5)) = S@@/ () = Di'(1).

Part 3. [W(Ds(i—1) —¥(Ds(i)|| <2K[¥(D:(G— 1)) =¢(D:(7))]| whenever
1<j&dmn D;.
Proof. By the hypothesis of the theorem, we have:

Lo, S; Di(j — 1), Di(4)) < K™|[W(DiG — 1)) — $@:())|| ™
The desired conclusion then follows from part 2 and Lemma 4.3.
Part 4.
2 [¥(DisaG = 1)) = ¥Disa(G)) || ™

15;€dmn D4y

2 @il — 1)) = ¢Diaa(n) ||

15i€dmn Dy {rEDg‘(i)
+ oG = ) = Bl

Proof. Follows immediately from Lemma 4.2, and part 1.
Part 5. If NEw, then
> w@oxnG = 1) — v@xG) |l

15;€dmn Dy

-y S ¥ Dinalr = 1) = $@en()||

=0 15i€dmn D; rED ()
+ [[¥(Do(0)) — ¥Do(1)) ||

Proof. It is trivially true for N=0. By induction it must be true for all
N in w, in view of part 4.

Part 6. 3 1sicaman s|W(SG—1)) =¥ (S| = 2=+1K ][y (1) —¢(0)||.

Proof. By 3.2.3.3, choose N so that Dy=S. Then Dy,;=Dy and hence
Dy(j) =0 for all 1 <j&dmn Dy. Thus:
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> WSG = 1) — wSE)|

15 j€dmn 8

= [part1] ¥ [W@xG — 1) — ¢Da()|"

15 j€dmn Dy
N-—1
= [part5] > X 2 @il = 1)) = $Dea()) ||
i=0 15;€dmn D; rED;*()
+ [[¥(Do(0) — ¢Do(1)) || ™
N-1
< [part 3] mem{ Y OY S W@l = 1) = D)l

i=0 15j€dmn D; rED* ()
+ [l¥(1) — ¢<0>||'"}

< 27K { K[y (1) — ¢ )| + [[¢(1) — (O]}
< 2mHE||y(1) — $(0)|| ™.
4.6. COROLLARY. If {((m, ¥, T)), then there is a K < « such that,if 0<a <b
<1, i€w, D is a subdivision of [a, b] with rng D={a}U{b}U(rng T\
N[a, b)), then

> lw@dG = 1)) = v@O)|I™ = K|l¥®) — (@)™

1=j€dmn D
4.7. COrROLLARY. If {(m,{, T)), then (m, ¥, T).

4.8. THEOREM. Let  be a homeomorphism on I to a subset of Enp1, T a
mesh of I, and L denote Carathéodory linear measure. Then ({1, ¥, T)) if
and only if there is a K< such that L[a, b]) SK|[¢ () —¢(a)|| whenever
0<a=b=1.

Proof. The sufficiency follows from the obvious fact that, if S is a sub-
division of [a, b], then

L, S;ab) < X [[WSG - 1) —vSH)| = L@ls, b))

12i€dmn 8

To show the nécessity, let € >0 and choose ¢Ew so that

L0 1) s X [WTds = 1) = WT()|| + e

15¢Edmn T
There exists a K < « given by 4.6 such that, if 0<a<b=<1 and D is a sub-
division of [a, b] with rng D= {a}\U{b}U(rng TN [a, b)), then

LWla, b)) = EE [¥(D(s — 1)) — WD) + ¢ = K||¢?) — ¥(a)] + e

1S¢€dmn D

Since K is independent of the choice of < and hence of ¢, we have the desired
result.
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In §6 we shall need the following theorems.

4.9. THEOREM. If Y is a linear map of I into Enta, S is any subdivision of
I,0=<a=<b=x1, then

Loy, S; 6, b) < ||¢(6) — ¥(a)]|2

4.10. THEOREM. If ¥ is on I to E,y1, S and D are subdivisions of [a, b],
rng DCrng S, and m is a positive integer, then

La(¥,S;a,0) £ La(¥, D;a,8) + >,  Lal¥, S; D(j — 1), D(5)).

1=;€dmn D
003 &o3 04 QM
So
a3
&4
S So
’ Qo &
o2
Soz
Qoze Qo Soe Qos Sor Qo
o an
Soe Qo2 Soz S, Sa Qa S
Qo2 5o Quze Qou 5o Quz
Sa
aol
oo So
0 1/12 5/12 7/12 11/12 1
Fic. 1 ’

5. Definition of Whitney’s curve. We define Whitney’s curve P (see
Whitney [4]) in detail only in the plane. In §8, we indicate how to construct
it in n-dimensional space.

Referring to figure 1, Q, is a unit square. It contains four squares of side
1/3. Each of these contains in turn four squares of side 1/32, and this process
is continued indefinitely so that the side of every square is 1/3 that of the
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smallest square containing it. The line segments Sy, So1, Soz, etc. « « - join
midpoints of the sides of the squares. The curve P consists of these line seg-
ments and their limit points.

The remainder of this section is devoted to giving a detailed analytic defi-
nition of the curve P.

5.1. Given a square 4, let bm A4, up 4, It 4, rt A denote respectively the
midpoint of the bottom side of 4, the upper side of 4, the left side of 4, the
right side of A4.

5.2. If x is the midpoint of a side of the square 4, we shall denote by
sm xAB the midpoint of the same side of B as that of 4, i.e.:

bmB if x=bmA,
up B if x = up4,
It B if x=1t4,
rt B if x=rtAd,

sm xAB =

and op x4 B will stand for the midpoint of the opposite side of B to that of 4,
ie.:

up B if x=bmA,

bmB if x=upd4d,
op ¥4B = .

rt B if x=1t4,

It B if x=rtAd.

5.3. Given a square A, we define rfnt 4 to be the set of four disjoint
squares each of side 1/3 that of 4 and each having its center coincide with the
center of one of the four quadrants of A. Thus, the distance between two
adjoining squares in rfnt 4 is 1/6 the side of 4, and the distance between a
square in rfnt 4 and the boundary of 4 is 1/12 the side of 4.

5.4. Given a square 4 and the midpoints e, b of two adjacent sides of 4,
we order the four squares in rfnt 4 in accordance with figure 1, as follows:
letting '’ =op ¢4 A and b’ =op bAA, we define the jth square Q*(j; 4, a, b)
by:

BNsgmtab#0 if j=1,

BNsgmtab' 0 if j=2,
BNsgmta'd #0 if j=3,
BNsgmtaed 0 if j=4,

0*(j; 4, ¢, b) = The B(B € rfnt A and

and with it we associate the midpoints
a*(j; 4, a,b),a*(j; 4, a,b)

of two of its adjacent sides, as follows:
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sm aAQ*(j; 4,a,b) if j=1,
bAQ*(j; A, a,b) if =2,
o(ji 4, 0, b) =) PAQ U A @ D)L
sm aAQ*(j; A, a,b) if j=3
lop bAQ*(j; A, a,b) if j=4,
op bAQ*(j; 4,4a,b) if j=1,
AQ*(j; A, a,b) if §=2,
&(j; 4, 0, 8) = | 0 24U A a0
sm bAQ*(j; 4,a,b) if j=3
sm aAQ*(j; 4,a,0) if j=

For convenience later on, we also let
a*(0;A4,a,0) =a and o*(5;4,a,bd) =0b.

5.5. The line segments, being part of the curve P, will be defined by re-
cursion. For this reason, we introduce the following definitions.

5.5.1. For every n€uw, let H, be the set of sequences k of integers such
that ko=0, 1 <k;<4 whenever 1<j=<n, k;=0 for j >n.

5.5.2. H=U,g.H.,.

5.5.3. For every k in H, let dim % be the n&w such that k& H,,.

5.5.4. We shall denote by 8 the k in H,; thus, 8;=0 for all j€w.

5.5.5. If kisin H, and n>0, we denote by k* the sequence in H,; such
that &} =k; whenever 0<j<n—1.

5.5.6. For every k in H, let S(k) be the set of sequences ¢ in H such that
¢;i=Fk; whenever 0 <j<dim k.

5.5.7. If kisin H, and j is an integer with 1 <j <4, we denote by s(j, k)
the ¢ in S(k)N\H, 1 such that ¢,=3j.

5.6. With each k in H we associate a square Q, and midpoints ax, & of
two of its adjacent sides. This is done by recursion on dim &.

We let Qp be a unit square, as=bm Q4, and as=rt Qo. If #Ew and dim &
.=n-+1, then we let

Qk = Q*(kn; Qk.y g, ak‘))
o = o*(ka; Q, ety 3s*),
ar = a*(ka; Qr, as*, @x*).

The following abbreviations are introduced for convenience.
5.6.1. Q'(G, ) =0*(ji Or, e, @), j=1, - - -, &

5.6.2. a'(G, k) =a*(+1; O, es, ar), =0, - - -, 4.

5.6.3. &(j, ) =a*(j; Qo au, @), j=0, - - -, 4.

5.7. We define the five line segments in Q; for k in H by:
5.7.1. line jk=sgmt &'(j, k)a’'(j, k), =0, - - -, 4,

and we define their union by:
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4
5.7.2. Sk = U line jk.

=0
5.8. Denoting the set of line segments by P’, i.e.:
5.8.1. P = U S

we define the curve P by:

5.8.2. P=closure of P’.

6. Some properties of the curve P. The next three lemmas are immediate
consequences of the definitions.

6.1. LEMMA. If k€ H,, then the side of Qu has length 1/3" and hence di-
ameter Qr<2/3".

6.2. LEMMA. If k€ H, ¢ S(k), then Q,COx.

6.3. LEmMA. If REH, j=1, - - -, 4, then Q'(j, k)=, &' (i—1, )
=ik, and & (7, k) = @ug.p-

6.4. THEOREM. If x, ¥, a are such that sgmt xy is not in P, sgmt xa P
and sgmt yaCP, then

ly = all = 1022 = 5] and ||z - of = 1012z — 4.

Proof. If (v/2) is the angle between sgmt xa and sgmt ye, then tan
¥>1/3 and sin (y/2)>1/10%2,

6.5. THEOREM. If x and y are in P, RE H,, Qx is the smallest square contain-
ing both x and y, and there is no a such that sgmt xa CP and sgmt ya C P, then
[l =3l = (1/12)1/3+.

Proof. If x and y are in Sk, then they must be on two different line seg-
ments and hence ”x—y“ =(1/6)1/3 If x is in Sy and y is in Q'(j, k) for some
j=1, - -, 4,then||x—y|| = (1/12)1/3 If xisin Q'(j, k) and y isin Q' (5, k),
then j>£j" and “x'-y” =(1/6)1/3,

In order to show that P is a homeomorphic image of the unit interval,
we introduce the following definitions.

6.6. DEFINITION. For kin H,, we define:

ar =2 (2k, — 1)/97,
p=1

ar = a + 1/97,
a'(j, k) = ax + (2§ + 1)/9n+t forj=0,---,4,
d’(j’ k) = a; + (2j)/9”+l forj =0,.+-,4,

Notice that all these points are in I, that:



1934j ~ FUNCTIONS WITH GIVEN PARTIAL DERIVATIVES 197

S a3, k) SdG k) S a forj=0,---,4
ar=a'(0, k), ar=a4 k),
a'(§, k) = as(itrm, adG+ 1, k) = s G=0,--+,3).

6.7. DEFINITION. We define the mapping ¢ on I to P to be such that for
kin H, and j=0, - - - , 4, maps the interval [a'(j, k), a’(j, k) ] linearly onto
line j& with Y(@'(j, k)) =a&'(j, k) and ¥(a’(j, k)) =a’(J, k). It is then extended
to the whole interval I by continuity.

Thus, ¥ maps the interval [ax, @] onto PN\Q;, for  in H. [t is obviously
a homeomorphism on I to P.

6.8. DEFINITIONS.

6.8.1. Let T be the mesh of I such that, for every 1€Ew, dmn T;
= E s(s=0, - - -, 99 and, for s in dmn T}, T:(s)=s/9"

6.8.2. A;(t, ')=E s ¢=Ti(s—1)<Tis) V).

6.8.3. I;=inf (rng T.N\[t, 1]).

6.8.4. t¥=sup (rng T:N[0, t]).

REMARK. Notice that if ¢Crng T, then t=7;=14.

The remainder of this section is devoted to proving ((2, ¥, T)).

6.9. LEmMMA, If k€ H,, then
4
mg TN [as, @] = U ({&'G, &)} Y {aG, B},
=0
mg Ta N [ai, 6] = {ax} U {ar},
mg T;: M [ak, (ik] =0 for i < m.
6.10. LEMMA. If i€w, kEH,, j=0, - - - , 4, d'(j, k) St=t'=d'(4, k), then
Lo, T, 1) S |[p(@) — v(0)]|? < 4/3%~
Proof. ¢[a'(j, k), a’(j, k)] =line j£C Qi Hence, by 4.9 and 6.1,
Ly, T 1, ) < W) — ¢(0)||? < (diameter Qi)? < 4/32~.
6.11. LEMMA. If k€ H,, a, St <t <, then
Lg(lﬁ, T"+1; t, tl) é 64/32".
Proof.
2
Loy, Toi1i b, ') < > > {“'/’(t) — Y(Trpa(s — 1))“2—,,
€ Any (8, t') p=1
¥ (Taa(s = 1)) = Y(Tsa(s)) || 7}
2
+ ,,}:: {lIv® — vl — v@)|l?}

< [6.9] 8-2 (diameter Qi) < [6.1] 16(4/32%) = 64/3?n,
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6.12. LEMMA. If k€ H,, i1€w, then

4
Ly, Ts; ax, Gi) < Lo(¥, Tass; ax, 1) + 2 LW, Ti; 3'(j, k), a'(4, k)

=0
3
+ EL2('I/: T"; a,(j’ k), d,(j + 1’ k))'
=0
Proof. The proof follows immediately from 4.10 and 6.9.
6.13. LEMMA. If k€ H, and iCw, then

i—n—1

Lo(¥, Ti; 08, Gx) S D, 2 {Lz('//. Tryst1; Gy Gir)

e=0 K ES(k)NHnte
4
+ 3 Ly T 0Gr ¥), &G k’))} .
=0

Proof. In view of the remarks at the end of 6.6 and Definition 5.5.7, we
have:

Z Lﬁ(\b’ Tt; a‘,(jv k)) d'(j + 11 k))

=0
= > Ly(y, T;; aw, Gi)
KES(K)NHy 41

= [6.12] > {Lz(% Tnie; @iy Q)

¥ES (k)NH, 41

4
+ Z Lz(’l” T;; ‘i'(j’ kl)t a'(j! k’)) + Z L2(‘I’r T xrty db")}

=0 B'ES (K )NHy 4

4
> {Lz('l', Tusss 0 0) + 3 La(¥ T3 2, ), &G, k’))}

¥ES (k)NH, 4, =0

+ 2 Ly, Ts; awr, Gwr).

F'ES (k)NHy4a
Applying 6.12, induction on i1—n, and 6.9, we have the desired result.
6.14. THEOREM. If k€ H, and i€ w, then
Ly(¥, Ti; ax, Gx) < 168/3%n,
Proof. Using 6.13, 6.11, and 6.10 we see that:

—n—1

L Tsona) = 3 3 {64/32m9 4 5(4/32m)}

=0 K'ES(k)NHnie

= S an(sa 32040y < (84/3t0) % (4/9)" < 168/3

=0
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6.15. LEMMA. If kEH,, 0, St<t' S di, 1€ w, then

Lo(¥, Tis t, ') S 252/3% + Lo(¥, Tsi by Eapr) + La(¥, T togn, £).
Proof.

Ly(¥, Tiit, ¢') S [4.10] Lo(¥, Tas1i 8, ¢) + Lo(¥, Ti; b, fng)

+ Lo, Tis tog, ) + 2 LW, Ti; Tupa(G — 1), Tara(5))

i€4n (8.8

é [6'11' 6.9’ 6'10' 6'14] 64/32” + L2(¢v To; t, t.n+l)
+ La(¥, Ts; tayn, ) + 5(4/3%") + 4(168/320+2)
= 252/32n + Lz(% T"; t, iﬂ'l-l) + L2(¢, T'; 11,3:-1, t’).

6.16. LEMMA. If k€ H,, a:St=<t Zd, 1€w, and 1 SjEw, then
La(y, Ti; t, ') < 1008/3%" 4 Loy, T; ¢, bnys) + La(¥, Ti; turi V)

Proof. The desired conclusion will follow if we show
i
Lﬁ('ll’ Ti'; t! t,) é ZZ 252/32(”+‘—1) + L2(¢’ Tt'; L t-n+f) + Lz(% TO; t',b:i’ t’)‘
a=1

We prove the above inequality by induction. By 6.15 it holds for j=1.
Now suppose it holds for j=r, 1 SrCw.

Notice first that, if c =#,,,and d=#,},, thencand d are inrng T',;,and hence,
by the remark at the end of 6.8, ¢f,,.=c and dnr1=d so that Ly, T;
Frrrr ©) =Lo(¥, Ts; @, dnyry1) =0. Thus, if for some &’ and k" in H,., we
have ay <t < a and ay <t <d, then by 6.15

L2(',’, Ti; t’ Zn+r) é 252/32(ﬂ+r) + Lz('k Ti; t9 Zﬂ+r+l)v
LW, Ts; tayey ') S 252/3%040 - Lo(P, Tis tayrin, 1),

and the desired conclusion for j=r-+1 follows.

If for no k' in H,,. do we have ay <t = g, then for some 7' <7 and some
g in H,y», we must have d,<t=<a,, and hence by 6.10:

LW, Tijt, bnir) < ||V — ¥(fnsn)||2 S 4/320040,

Similarly, if for no &’ in H,,, do we have ay =t < dy, then

La(¥, T tasm ') < 4/32+0

and we have the desired result.

6.17. THEOREM. If REH,, arSt<t' S ai, and 1€w, then
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L.(¥, Ti; ¢, ¢') < 1008/32%n,
Proof. Pick jEw so that 1 <n+j. Then

Lo, Tii b, Bnvi) = Lo, Ti; tayin ) = 0
and the conclusion follows from 6.16.
6.18. THEOREM. ((2, ¥, T)).

Proof. Let 0=t=<t'=1, x=y(t), y=y¥('). If sgmt xyCP, then, by 4.9,
L, Ti; t, #) S|ly—a|
If sgmt xy is not in P, but, for some a, sgmt xa CP and sgmt ya CP, then

Ly, Ti;t, ) < [4.10] [le — o|-[ly — o] + [ly = of®
+ Lo, Ti; 4, ¥7(@) + Lo, Ti; v~4(a), 1)
< [49] ||z = afl-[ly — ol + lly — all* + [l= — ofI®
+ ||y — al|? = [6.4] 40]|x — 5|2

If 2 is in H, and Q is the smallest square containing both x and y and
there is no @ such that sgmt xaCP and sgmt yaCP, then by 6.17 and 6.5
we have

Ls(¥, Ti; 8, 1) < 1008/32» = 1008-32-122/(122-32++2) < 1008-32-12||x — y2

7. Functions not constant on a connected set of zeros of their higher
order partials. H. Whitney [4] has shown the existence of a function W on
the curve P of §5 such that, if R'(x, y) = W(y) — W(x), then R’ is a remainder
of order 1 on (PXP), and yet W assumes the values 0 and 1 respectively at
two different points of P.

7.1. THEOREM. There exists a function g of class C* on E; such that: all of
its second order partials vanish everywhere on P; all of its first order partials
vanish at one point of P; and yet g is not constant on P.

Proof. Let ¥ and T be respectively the homeomorphism and mesh defined
in 6.7 and 6.8. Then P=y(I) and, by 6.18, ((2, ¥, T)). Let ¥’ be the k in O,
such that 2y=1 and k;=0 for 1 <j€w. Let F and R be functions on O; such
that Fir =W, Ry =R’, and F.=R;=0 for all other £ in O; (W and R’ being
Whitney’s function and remainder stated above). Then, we see immediately
that we have [2, F, R, ¥(I)] and hence by 4.7 and 3.3.19 we have the desired
result.

7.2. THEOREM. For any integer m=1 there exists a function of class C™ on
E, such that: all of its partials of order m vanish everywhere on P; all of its
partials vanish at one point of P; the function is not constant on P.
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Proof. The proof is by induction on , using 4.4 and the method of 7.1.

8. Extensions to higher dimensions. In E,, 2<n&w, Whitney's curve is
constructed by starting with an #n-cell of side 1, and then taking 2" cells in-
side, each of side » where »<1/2 and r*~1>1/2" Inside each of these, we
again take 27 cells each of side 72 This process is continued indefinitely so
that inside each cell we take 2" cells of side » times that of its own. Then, as
before, the curve P will consist of line segments, joining midpoints of ap-
propriate faces of these cells, and their limit points. As in the case of n=2, it
can be seen that there is a homeomorphism ¢ and a mesh T of I such that
Y(I) =P and {{(n, ¥, T)). The choice of » enables Whitney to define a function
W, not constant on P, such that, if R(x, y¥) = W(y) — W(x), then R is a re-
mainder of order (#—1) with domain (P XP). We may then use Theorem
3.3.19 and induction as before to prove the

8.1. THEOREM. If mEw and 2 SnCw, there exists a homeomorphic image P
of the unit interval and a function g of class C"+™=V on E, such that: all of its
partials of order greater than m vanish everywhere on P; all of its partials vanish
at one point of P; and g is not constant on P.

8.2. REMARK. In view of A. P. Morse’s result, P must have infinite
Carathéodory (#—1)-measure, and yet we have ((n, ¥, T)), ¥ and T being
taken as above.
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